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Abstract: In this paper, we study a distance over the partitions of a finite set. Given
two partitions P and @, this distance is defined as the minimum number of transfers
of an element from one class to another, in order to transform P into (). We recall
the algorithm to evaluate this distance and we give some formulae for the maximum
distance value between two partitions having exactly or at most p and ¢ classes, for
given p and q.
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1 Introduction

Establishing classes and partitions of elements in large sets is a methodological
obstacle in several important domains as:

e molecular biology, especially for clustering proteins from expression data
[8] or from direct interactions considered as graphs ([13], [19], [9]),

e social networks ([18]) in which communities are searched, for instance from
common authors of articles ([4], [15]), or links between web pages ([14]),

e clectronic circuits, for which partitioning is established for VLSI design
([2]) or graph drawing ([6]).

In such domains, the sets to cluster have a very large size, several thousands
or tens of thousands elements, and computer scientists study new clustering
methods for partitioning the whole set or extracting homogenous classes. They
get some satisfying results with specific data, but rarely try to validate their
methodological strategy performing a rigorous simulation protocol. One of the
possible reasons is the difficulty to compare partitions on the same set. The



classical Rand index ([16]), based on element pairs simultaneously joined or
separated, or the Rand index corrected for chance ([10]), as many other indices,
may give identical values to partition pairs very close or very distant ([7]).

A simple protocol to evaluate a clustering algorithm is to measure its ability
to recover partitions initially introduced in the data; for instance several more
or less separated clusters of points in an Euclidean space ([20]), or vertex subsets
in a graph having a proportion of edges larger than the average on the whole
graph. So a set X with a ”natural” partition P can be established. Applying any
partitioning algorithm, generally another partition @ is obtained. The question
is to compare P and @, both partitions having not necessarily the same number
of classes.

An article of Day ([5]) provides ten distances defined as the minimum number
of modifications of the classes (augmentation, removal, mergence and division)
to transform P into @, or reciprocally. These distances are denoted Minimum
Length Sequence Metrics. Day only compares the complexity of the computation
of these metrics and also defines a partial ordering on the whole set (two metrics
are comparable if and only if the values of the first one are systematically lower
than or equal to the values of the other).

In this paper, we study the simplest of these distances (the R-metric), defined
as the minimum number of augmentations and removals of single elements to
transform P into ). These two operations correspond to a transfer of one
element from its class to another, which can be empty, and this distance will be
denoted in the following as the transfer distance. It was already used by Régnier
[17] to study partitions. To compute its values, Day just specifies that it is a
minimum cost flow metric ”since its computation is equivalent to the solution of
a minimum cost flow problem on a suitably defined graph” and concludes that
this metric is computable in O(max(|P|,|Q])?).

In the second section, we establish equivalent definitions of the transfer dis-
tance. The remaining part of the paper is devoted to the computation of the
maximum value of this distance, in order to normalize it. In Section 3, we
establish upper bounds for the distance value between a p-class partition and
another one with ¢ classes, for given integers p and ¢, and we show that these
bounds can always be reached, building partitions achieving these values. We
do the same in Section 4 for partitions with upper-bounded numbers of classes
(notice that it is the same as fixing the numbers of classes, as in Section 3, but
after having relaxed the hypothesis of the non-emptiness of the classes from the
definition of a partition). Conclusions can be found in Section 5.

2 Notations and transfer distance definitions

Let X be a finite set of n elements. Let us recall that a partition P on X is a
set of p non empty disjoint classes X;, 1 < i < p, such that : Ule X, =X.
Let P and P’ be two partitions on X of respectively p and p’ classes. The
classes of P will be noted C;, 1 < ¢ < p, and the classes of P’ will be noted C},
1 < j < p'. We will represent the set X and these two partitions by an array in



which the rows are the classes of P and the columns the classes of P’ (Fig. 1).
The squares represent the sets C; N C]{, which may be empty.
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Figure 1: Partitions P et P’

We note ¢ = max(p,p’). Let P and P’ be the systems of subsets of X with
q subsets obtained respectively from P and P’ by adding respectively ¢ — p and
q—p'" empty subsets Cp11,...,Cy and C, , 4, ..., Cj respectively to the partitions
P and P'. Let X be the set of one-to-one mappings on the set {1,...,¢}.

Then, given a mapping ¢ in ¥, the number of well-classified elements, that
is to say the number of elements that are in a class of P and in its corresponding
class in P’ according to o, is given by:

q
co(P,P)=>"|CinCly |
=1

and we may notice that ¢, (P, P') = ¢,-1(P’, P).
We define the number of transfers between P and P’ following o as the
number of elements that must be moved to turn P into P’:

te(P,P')=mn—c,(P, P

and we may notice that t, (P, P") = t,-1(P’, P). This definition is equivalent to
the following ones:

q
to(P.P') = (|Gl = 1Cin Chyy )

i=1

q
te(P,P') = Z(| C'il = |Cory N C5 |)

i=1



1 q q
ty(P,P') =

=1 i=1

1
B Z ICIACT | = 5 Z(|Ci| +1C i =21CinChiy )

where C;AC! () stands for the symmetric difference between C; and C”, (i)

The transfer distance between P and P’ is defined as:

AN /
9(P7P)_£_nelgto'(P7P)

and the complementary notion of concordance as:

e(P,P'y=n—-0(P,P)= max co (P, P").

We may notice the following relations:

O(P,P')=0(P', P) and c¢(P, P') = ¢(P', P).

Let T, T, A and A be mappings from {1, ...,¢}? to N defined as:

L(i,j) =| Ci| = |(CinC)) |
A, §) =| Gl = [(Cin CY) |
A(i, j) =| GACS |= |G| +[Cj| =2 | CinCj | .

Let K,, be the complete bipartite graph having the classes of P and P’ as
vertices (for simplicity, we will identify here the classes and their indices).

Theorem 1 Let o be a one-to-one mapping between the classes of P and the
classes of P'. The following statements are equivalent :

1.
2.

o minimizes the number of transfers t,(P, P’);

o defines a mazimum perfect matching in K, , weighted by T;

of this perfect matching is ¢(P, P');

o defines a minimum perfect matching in K, , weighted by I';
of this perfect matching is (P, P');

o defines a mintmum perfect matching in K, , weighted by A;
of this perfect matching is (P, P');

o defines a mintmum perfect matching in K, , weighted by A;
of this perfect matching is 20(P, P’).

the weight

the weight

the weight

the weight



Proof : The equivalence between 1. and 2. has been proved by Day ([5]). This
theorem arises simply from the following relations:

9P P') = mig(n~ 3T, 0(0) = nig 3 T(i0()
NS L
= gllé%ZA(Z, o(i)) = min o A(i,o(i)).

i=1 =1

Example 1 Let P = (1,2,3]4,5,6/7,8,9) and P’ = (1,3,5,6|2,7,9|4/8). The
two tables corresponding to intersections and symmetric differences are given.
One optimal mapping is in bold. It leads to 8(P, P') = 4.

T |1356]279]4]8 A | 1,356]279]4]8
123 2 1 [0]0 123 3 1 |44
156 | 2 0 |1]0 156 | 3 6 |24
789 0 2 (01 7890 | 7 2 |42

] 0 0 (00 0 1 3 111

To the maximum mapping corresponds the transfer series :

(1,2,34,5,6|7,8,9) — (1,3]4,5,6/2,7,8,9) — (1,3,54,6[2,7,8,9)
— (1,3,5,64/2,7,8,9) — (1,3,5,6[4]2,7,9]8).

So, evaluating 6( P, P’) is the same as solving the weighted matching problem
on K, 4, also known as the assignment problem in Operations Research. We are
not going to detail the algorithm known as the Hungarian algorithm ([11], [12])
and designed to solve this problem. Its complexity is in O(g3). The interested
reader will find details in [1].

3 Minimum concordance between two partitions
with given numbers of classes

In this section, we determine, for three given integers p, ¢ and n, with p < ¢ < n,
the maximum distance value between two partitions P and @ of respectively p
and ¢ classes and defined on a same set X of order n. To establish the upper
bounds, we use the complementary notion of concordance introduced in the
previous section. Let ¥ be the set of all the possible mappings between the p
classes of P and ¢ classes of () such that all the classes of P are matched, that
is to say the set of injective functions o from {1,...,p} to {1,...,q} (the set of
permutations of {1,...,p} when p = ¢). With respect to o, the class C; of P
corresponds to the class C’(’,(i) of Q.



According to the previous definition of the transfer distance, the number of
well-classified elements considering ¢ is now given by :

p
(PQ)=>_|CinCl |
i=1

and the concordance between P and @ is :
C(Pv Q) =n- Q(Pv Q) = Ina%(CU(P, Q)
[e4S]

To maximize 6 over the set of all the partitions having p and ¢ classes is the
same as to minimize c. Let ¢in(p, ¢) be its smallest value:

Cmin(p,q) = min{c(P, Q) : P with p classes and @ with ¢ classes}.
Our main result is given in the following theorem :

Theorem 2 Let X be a finite set of n elements. Let p and q be two integers
with p < ¢ < n. The minimum concordance cmin(p,q) between two partitions
defined on X and with p and q classes is given by:

e Ifn<p+q—2,
Cmin(D,q) =P+ q—n.

o Ifpt+qg—1<n<(p—1)g,

n+q—p
Cmin(p,q) = ? .

o If(p—1)g<n,
Cmin(p: @) = {n-‘ :

q
We are going to prove this theorem in two steps: first we prove that the values
given above are lower bounds for the concordance, then we build two partitions
which reach these bounds. We will split up each step into a series of lemmas
with respect to the values of n, ¢ and p.

3.1 Lower bounds of the concordance

In this section, we will first propose a general lower bound of the concordance
for all p, ¢ and n, and then more specific ones for n < (p — 1)g. In each case we
state a lemma and prove it.



3.1.1 A general lower bound

Lemma 1 Let P and Q be two partitions of respectively p and q classes with

p<qg<n. Then:
(P, Q) > m .
q
Proof :

Consider the ¢ mappings between P and () denoted o;, j € {1,...,¢},
defined, Vi € {1,...,p}, by :
-ifi+i-1<q,0;()=i+j5—1
-Ifi+j-1>q,0;(0)=i+j—1—-¢q
The mapping o; is given by the shadowed squares on Fig. 2.

c, | )

B =

Figure 2: The mappings o;

The associated concordances c; are given by the following expression:

p
Vie{l....ahe; =) 1GiNCy -
=1

If we sum over j, we obtain :

q q P q
z;cj:ZmeC’ =Zz;|0m(féj<i>l
iz —1 =

j=11i=1
P q—itl q
:ZZ|Cm i+j— 1|+ Z |CVm 2+jlq|)
=1 j=1 j=q—1i+2
p q i—1 p q
=> O lcinc 1 +> 1CinC =YY |CinCy|.
i=1 k=t k=1 i=1 k=1



It gives :

q P
ch = Z|Ci| =n.
i=1

j=1

This equality implies that at least one of the c;’s is greater than or equal to
the average g :
Jjo € {1,...,q} such that ¢;, >

SE

Thus we have found a lower bound of the concordance :

c(P,Q) = maxc, (P, Q) = ¢j, >

|3

and since ¢;, € N, we get :

3.1.2 Casen<p+q—2

We set n = g+, with 0 < a < p—2. In this case, we find a better lower bound
of the concordance. We get the following lemma :

Lemma 2 Let P and Q be two partitions of respectively p and q classes with
n<p+q—2. Then:
o«P,Q)Zzp+q—n.

Proof :

Consider a partition ). Since the classes of a partition cannot be empty,
there is at least one element e; in each class CJ’-, and as n = ¢ + «, it remains
« elements spread over the ¢ classes. These a elements belong to at most «
classes of the partition P. Therefore the ¢ elements e; belong to at least p — o
classes of P since, otherwise, at least one class of P would be empty.

Thus we can find a mapping ¢ in which each of these p — « classes of P
corresponds to an appropriate class of ) such that there is at least one well-
classified element. The value of the corresponding concordance is then greater
than or equal to p — a.

Therefore we have proved the lemmas:

ifn<p+q—2, cPQ)=2c(PQ) Zp—a=p+q—n.
]

3.1.3 Case: p+g—1<n<pg—q

Again, we propose a better lower bound of the concordance, specific to this case.



Lemma 3 Let P and Q be two partitions of respectively p and q classes with
p+q—1<n<pqg—gq. Then:

n+q—p-‘

pars [t

Proof :  We suppose that we know the best mapping between P and @, that
is to say a mapping achieving the maximum number of well-classified elements.
We may represent it by the shadowed squares on Fig. 3 (if necessary we may
change the indices of the classes of @ in order to get this representation).

O e
G | J
B éléments
. | |
G | J
C {g HEEEE QL
@ Gy Gy v-- 1 o

Figure 3: The partitions P and @ for the case p+¢—1<n < pg—q.

Let ¢ denote the concordance between P and Q: ¢ = ¢(P,Q); ¢ is given by:

p
c=Y_|cindyl.
i=1

We must have:
vj€{17"~7q_p}7 Vie{lw--ap}» |C’mezl)+]|<|clmcl/‘
otherwise a better mapping would associate C; to some C/ , . instead of C/.

p+J
: ' _ P ) / .
Thus since |C}, ;| = >;_, [Ci N C, ;| we obtain:

p
Vie{l,...,a=p}, [Cpyl <D lCinC]=c.
i=1

We are now going to consider two cases :

Case 1 : the inequalities are strict :

Vje{l,...,q—p} |Czl)+j‘<c



Then
Vie{l,....,q—p} |C,;l<c—1 since|C, ;| €N

Let 8 = g;f |Cy,1 ;| (see Fig 3). So, if we sum over j, we get :
B < (c—1)(q—p)

We are now going to consider only the first p classes of ). Let Y be the set
containing the n— (3 elements of these p classes. We can apply the general bound
found previously to the partitions P and @ restricted to Y. We obtain a lower
bound for ¢ :

n—p

p
Then we get, using the previous upper bound of 3 :

cz

— (e =g — —
n—(c—1)(qg—p) o s nta-p
p q

WV

cz

Case 2 : at least one of the inequalities is tight :
Jjo € {1,...,q — p} such that |C} ;| = c

Since for any j € {1,...,¢—p} and for any i € {1,...,p}, [C:NC, ;| < |C;NCY],
we must then have :

Vie{l,...,p} |CinC,;|=C;inCil
It involves that
V(i k) € {1,....,p}% i £k, |CpNCl <|CiNCI.
Indeed, otherwise, we could associate Cy with C; and C; with C},, ;. and the
mapping could be better.

Then we get
Vie{l,...,p} |C;nCj|#0.

Indeed if |, NCj | = 0, we would have, for any k € {1,...,p}, [CxNCj |=0,
which implies that C] = (), a contradiction with the non-emptiness of the classes
of a partition.

Finally, since for any ¢ € {1,...,p}, |CiNC}| > 1, we get the following
lower bound of ¢ :

p
c=Y_|CinCy =p.
1=1

Conclusion :
The two cases give
. n—+qg—p
¢ 2 min(p, ——

).

10



We can easily see that p > "‘*‘qﬂ since n < pq — q. Therefore we finally obtain

a specific lower bound for the concordance : ¢(P,Q) > W. That is to say,

since ¢(P, Q) € N,
[ |

3.2 Construction of partitions achieving the lower bound
of the concordance

We are now going to build, for each case, two partitions which reach the previous
lower bounds.
3.21 Casen<p+q—2

Lemma 4 There exist two partitions P and Q on X of respectively p and q
classes with n < p+ q — 2 such that

co(P,Q)=p+q—n

Proof :

Wesetn=q+ a, with0 < a<p-—2.

We consider the partitions P and @ on X given by Figure 4. Each element
of X is represented by a cross, we can see that there are ¢+« = n elements and
that there is no empty class.

——

G < }
G, (X J
(I }
| PO I P |
&, & B o 4.4 c,

Figure 4: Two partitions P and @ with ¢(P,Q) =p —n+q.

Let o be any mapping between P and Q. Forp—a <i<p, |C;NC]| =1
and, for 2 < j < ¢, |C;NC}| =0. Thus 3°7_ |C;N Cr(yl < 1. Moreover,

for2<i<p—a-—1, |C¢ﬁC’;(i)| < |C;| = 1 and similarly |C4 OC(’T(l)| < 1

11



Hence ¢, (P,Q) = 37_, [CiNCL <1+ (p-a-2)+1l=p-—a=p-—n+gq.
Moreover, any mapping ¢ extending the partial mapping given by the shadowed
squares on Figure 4 clearly gives ¢z (P, Q) = p+ ¢ — n. Thus, by lemma 2, § is
a maximum mapping between P and @, and ¢(P,Q)=p+q—n. B

3.22 Case: pt+qg—1<n<pg—q
Notice that in this case ¢ is greater than 1.

Lemma 5 There exist two partitions P and Q on X of respectively p and ¢
classes with p+q— 1 <n < pqg — q such that

n+q—p
ary=[170)
q
Proof:
We build P and @ as follows: we put one element of X in C; N Cy, for
1 €42,...,p}. Then we spread the remaining elements uniformly over the sets

C1NCj for j € {1,...,q}. There is no empty class since p + ¢ —1 < n. These
two partitions are represented in Figure 5.

— —_—

Cp [ 1

¢,

c [ ]

¢ el o el [ k]
' ol oS o]

Figure 5: Two partitions P and @ with ¢(P,Q) =[(n+q—p)/q].

We are now going to compute the concordance between these two partitions.
We must first compute the number of elements in each C1 N C’J’ We have spread
the n — p + 1 elements of C; over the C;’s. We set n —p+1 = kq+ r, with
k>1andr € {0,...,q— 1}. There are k + 1 elements in the C; N C}’s with
j < r, and k elements in the others. Therefore we can distinguish two cases :

If r = 0, the classes of @) contain k elements except Cf; any maximum
mapping associates C7 with one of the C}’s, j > 1 and Cf with one of the C;’s,
12 2. It gives

c=k+1.

12



If r = 1, any maximum mapping associates C; with one of the C}’s, 1<j<r
and C,; with one of the C;’s, i > 2 or Cy with C] and the other classes of P
with other classes of Q. It gives

c=k+1.

If r > 1, any maximum mapping associates C7 with one of the C’;-’s7 2<j<r
and Cf with one of the C;’s, i > 2. It gives

c=k+2.

It remains to show that these values correspond to the lower bound stated
previously.

We set b = {W—‘:

Ifr € {0,1}, as ¢ > 1,

b=k+1.
Ifr>1,
b=k+2.
Thus in every case
o(P,Q) = b= [”*qq_ﬂ .

3.2.3 Case (p—1)g<n

Lemma 6 There exist two partitions P and QQ on X of respectively p and ¢
classes with (p — 1)g < n such that

n
«r@-2|.

Proof :
We are going to distinguish two cases.

Case 1: (p—1)g<n < pq
Weset n=(p—1)g+r, with r € {1,...,¢ —1}. We build P and @ as follows
(see Figure 6): we put one element in each C; N C}, for i € {1,...,p — 1},
j € {l,...,q}. Then, for any j € {1,...,r}, we put one of the r remaining
elements in C), N C}.

Any maximum mapping associates C}, with one of the C;»’s for1<j<r,
and the other C;’s (1 < i < p—1) with p—1 classes C’;’s still available. It gives

o(P,Q)=p= Kﬂ :

13



G [ x X )
| x X || % x|

&

G

G (|5 x| X x|
Crl EE—H ?’q

Figure 6: Two partitions P and @ with ¢(P, Q) = [n/q] for (p — 1)g < n < pq.

Case 2: pg<n
We set n = kq+r with £ > pand 0 < r < ¢— 1. We put one element in each
;N CJ’». The remaining elements are spread uniformly over the sets C; N CJ’»,

jeA{l,...,q} (see Figure 7).

C, s e X X
C1 ‘ -pr2 ep2| | kpil| - - - [ kpil ‘
Crl C’r Crr-H er

Figure 7: Two partitions P and Q with ¢(P, Q) = [n/q] for pg < n.

We distinguish again two cases.
If r = 0, all the subsets C; N C’]’- (1 < j < q) contain k —p+1 elements. Any
mapping gives
n

c=(k-p+1)+(p-1)=k= {q—‘

14



If » > 0, the subsets C71 N C’j’- contain k — p + 2 elements for 1 < 5 < r,
and k —p+ 1 for r+1 < j < g. The greatest concordance is obtained if we
associate Cq and a C;- with 1 < j < r and the other classes of P with p — 1 of
the remaining classes of Q). Its value is

c=(k-p+2)+p—1)=k+1= Fﬂ

3.3 Proof of Theorem 2

The proof of Theorem 2 follows from the previous lemmas. More precisely, the
first statement of Theorem 2 follows from Lemma 2 (lower bound) and Lemma
4 (how to reach the lower bound). Similarly, the second (respectively third)
statement of Theorem 2 follows from Lemma 3 and Lemma 5 (respectively
Lemmas 1 and 6).

4 Minimum concordance between two partitions
with upper-bounded numbers of classes

In some cases, it is not obvious to fix the numbers of classes of the two partitions
P and @, and it is easier to upper-bound them. We consider this problem now.
More precisely, given two integers p and g, we define the minimum concordance
¢ . (p,q) between two partitions with at most p and ¢ classes by:

min

’
min

¢ in(D,q) = min{c(P, Q) : P partition of X with at most p classes and

Q partition of X with at most ¢ classes},

where ¢(P, Q) still denotes the concordance between P and @ as in Section
3. So, the only difference with respect to ¢pin (P, Q) is that the minimum of
the concordance ¢(P, @) is taken over the set of partitions with upper-bounded
numbers of classes instead of given numbers of classes. Notice that another
way of defining ¢/ ... (p, q¢) would have been to extend the defnition of partitions
by allowing empty classes. Then, ¢, ,,.(p,q) could be seen as the minimum
concordance over the set of subsets systems such that these subsets are mutually
disjoint and cover X (but can be empty). Theorem 3 gives the solution to this

new problem.

Theorem 3 Let p and q be two integers with p < q. Let X be a finite set with
n elements. The minimum concordance c,,,;,(p,q) between two partitions with
at most p and q classes is given by:

Crin(Ps ) = {ﬂ :

15



Proof :

Consider the two partitions P and @ defined as follows: P has only h =1
class (equal to X), @ has exactly k = min(n,q) (non-empty) classes in which
the elements of X are uniformly spread over: each class of @ contains |7 ] or
[#] elements of X. Then, it is easy to compute c¢(P,Q): c¢(P,Q) = [#], and
thus ¢(P,Q) = [7]. Hence by definition of a minimum: c;, (p,q) < [7].

Moreover, consider now any partitions P and @ with respectively h and k
classes, with h < pand k < ¢. By Lemma 1, we get: ¢(P,Q) > fm} > [2].
Since this inequality is true for any P and @), it comes ¢;,;,,(p,¢) > [7]. Hence
the result of Theorem 3.

[ |

A special case is the one for which n = p = ¢. Then the minimum concor-
dance is equal to 1. We find back the fact (which can be shown directly) that
the maximum distance between any two partitions (that is, the diameter of the

set of all the partitions) is equal to n — 1.

5 Conclusion

The previous results may be summarized as follows, when stated in terms of
the distance 6. Let X be a finite set of n elements, and p and ¢ be two integers
with p < ¢q. For n > ¢ > p, the maximum distance

Omaz (D, q) = max{0(P, Q) : P with p classes and Q with ¢ classes} = n—cpmin(p, q)
between partitions with p and ¢ classes is equal to:
e lfn<p+q-2
Omaz(p,q) =2n —p —q.
elfp+g-1<n<(p—1)g,

Hmaw(pv q) =n-—- [W—‘ .

q
o If (p—1)g<m,

n
9maz<pa q) =n—- ’7-‘ .
q
If we consider now partitions with upper-bounded numbers of classes, the max-
imum distance

0. 0Dy q) = max{f(P, Q) : P with at most p classes and Q with at most ¢ classes}

is given by:
, n
emaw(p’ q) L e
q
An interesting problem would consist in studying the maximum distance be-
tween two partitions with prescribed numbers of classes and with given cardi-

nalities of these classes. It will be the aim of our future research.
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